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Abstract

We show how to describe and analyse multistage interconnection networksin arelational framework. We give simple
elegant descriptions of butterfly networks, using only two functions for building networks from smaller networks. By
studying the algebra of these functions, we can give aclear account of the properties of networks, without resorting
to the standard methods of reasoningin terms of binary representations of the addresses of data elements. The paper
isintended as atutorial introduction to multistage interconnection networks.

1 Introduction

This paper shows how to describe and reason about multistage interconnection networks. It introduces some stan-
dard networks and shows how they are related. | hope that the paper will be useful as an introduction to multistage
interconnecti on networksfor computing scientists. Attheend, | present apuzzlefrom network theory. Ideally, | should
also present the solution, but | have not been ableto solvethepuzzle!' Since the question has been open for many years,
perhaps | should not be surprised. But maybe you, dear reader, will be able to find the solution after reading the paper.

2 Permutations and switches

We consider permutations on sequences whose length is a power of two. A sequence is either a unit sequence
containing a, written [a], or the concatenation of two equal length sequences, writtenr § s. For convenience, we aso
write sequences using theusud [a, b, . . ] notation, so that [a] 1 [b] iswritten [a, b].

Weview apermutation asabinary relation between sequences. Theidentity relation :d,, representstheidentity per-
mutation on sequences of length 2. In this paper, all therelations discussed relate a given sequence only to sequences
of the same length. In therelation R,,, the subscript » indicates that the length of the sequences in both domain and
rangeis2”; it can be viewed as atype annotation.

The exchange permutation is defined to be the smallest relation satisfying

[a,b] ex [b, d]

forall @ and b.

The converse of ardationisdefined by a R~ b = b Ra. Both id,, and ex aretheir own converses. Anexampleof a
permutation that is not isthe cyclic shift to theleft. For example, [a, b, ¢, d] les [b, ¢, d, a],but [a, b, ¢, d] lc; ' [d, a, b, c].
Another example of a permutation that is (in general) not its own converse is the perfect shuffle, whichwe cdl S.

[a,b] Sy [a,b] = true
(@ib)i(cid)Spqi(etf) = (afice)Spe & (bid)S,f
Thepermutation S, relates[0, 1, 2, 3]to[0, 2, 1, 3]andisitsownconverse. Thepermutation S relates|[0, 1,2, 3,4,5,6, 7]
to[0,4,1,5,2,6,3,7],whereas S5 ' relates [0, 1,2, 3,4,5,6,7]t0[0,2,4,6,1,3,5,7).

We use ordinary relational composition to compose permutations. Any permutation composed with its converse
gives an identity. So, for example ez ; ez ™! = ex ; ex = idy and S, ; S, = id,,.
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Figure 1: two er, two sw and the permutations realised by two sw

Repeated compositionisabbreviatedas R = Rand R"+! = R; R". Wewrite(R")~! as R~". For apermutation
P,itisthecasethat P~2; P2 = PUisan identity, but beware of assuming that thiskind of arithmetic in theindices
works for more general relations.

A two-input two-output switch is defined as

sw = idy+ex

where + isrelational union. The switch is capable of realising two different permutations, «d; and ex. In our network
modelling method, the semantics of a switch or network of switchesis exactly the set of permutationsthat it can re-
alise (viewed as abinary relation). We say that two networks are equivalent if and only if they redise the same set of
permutations. Thisis the only notion of network equiva ence that we need. As afirst example of apair of equivaent
networks, let us calculate
swisw = (idy + ex); (idy + ex)

= (idy;idy) + (idy ; ex) + (ex ; idy) + (ex ; ex)

= idy +ex+er+id

= dy+ex

= sw
So the composition of two switches in series realises the same permutati ons as a single switch. When reasoning about
networks, we will feel freeto replace sw ; sw by sw.

3 Building networks

We introduce combinatorsfor building larger networks from smaller ones. Thefirst iscalled two and it places two
identical networks one above the other.
(aitb)ytwoR(ctd)=aRc&bRd

For example, the network two sw, shown in figure 1, relates the sequence [0, 1, 2, 3] to each of [0, 1,2, 3],[1, 0, 2, 3],
[0,1,3,2]and [1,0,3,2],and vice versa

The network two(two sw) is made up of two copies of two sw and it realises 16 distinct permutations. It is conve-
nient to abbreviate this kind of repeated application of acombinator:

two' R = R
two" TR = two(two™ R)

The two combinator interacts nicely with composition and converse.

twoR;twoR = two(R;5)
(twoR)™' = twoR™!

The second combinator iscalled ilv and it interleaves two identical networks, so that one of them workson theeven
elements of the domain and range, and the other on the odd elements.

VR, = Syii;twoR,;Sut

We abbreviate repeated composition of ilv in the same way as we do for two. The wiring network ilv"™ ex swaps the
two halves of a sequence, whiletwo™ ex swaps adjacent elements. The network ilv sw relates [0, 1,2, 3]to [0, 1, 2, 3],
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Figure 2: The network two ilv sw, which is the same as ilv two sw

[2,1,0,3],]0,3,2,1]and [2, 3, 0, 1]. For P,, apermutation, the permutationilv P,, can bethought of as pairing adjacent
elements, permuting the resulting sequence and then unpairing. In other words, it “preserves’ adjacent pairs. This
means that

ilvP, ;two"” sw = two” sw;ilv P,
and similarly
two P, ;iv? sw = ilv" sw ;two P,

The properties of ilv derive from those of two.

ivR;ilvS = ilv(R;S)
(ivVR)™ = ilvR™!

Figure 2 shows the network two ilv sw. If you look carefully, you will see that it aso showsilv two sw! The two
networks are equivalent and realise the same permutations.
Infact for any R,

twoilv R,, = ilvtwo R,

We will not provethisfact here. (It isproved in reference [11].) We say that two and ilv commute and thisisthe key
insight in our analysis of butterfly and related networks. A consequence isthat

twol iV Ry = 87 :two't Ry ;&7 (1)

Here we have omitted subscripts where size can be deduced from context. We will often do this.
We can now use the combinators to give recursive descriptions of permutations and networks. For example, to
reverse a sequence, swap the halves and reverse each haf:

revg = 1idg

revpyr = iV ex ;two rev,
By induction, we can a so show that
revpy1 = ilvrev, ;two” ex

which corresponds to reversing the even and odd elements in place and then exchanging those two subsequences by
swapping adjacent elements.
The perfect shuffle has a similar recursive decomposition:

Sn+2 = I|Vn 82 ; two Sn+1
= ilvSny1;two"™ Sy

Because $2 = id5, We can compose two” S, on both sides and get

Sn+2 ; two” 82 = ilv Sn_|_1 (2)



Figure 4: a second recursive decomposition of the butterfly

4 Describing the butterfly network
The pattern of twos and ilvs that appears in both reverse and the perfect shuffleis exactly the pattern used to build
abutterfly network. Define, for k£ > 0,
Mo Ry = tdg—1
Mpt1 Re = iV" Ry ; two(X, Rg)

Thisfirst recursive decomposition of the butterfly isillustrated (for £ = 1) in figure 3.
We have seen that

rev, = N, er
Sny1 = X, 8
From thefirst recursive decomposition of the butterfly, we can show by induction that
Mpt1 B = ilv(X, R) ;two™ R €)

Thisisthe second well-known recursive decomposition of the butterfly and it is shown in figure 4.
There are also many possibilitiesin between these two. It can be shown, by induction, that

Mip; R = iV (X, R); two! (X; R) (4)

It isalso useful to consider iterative descriptions of the butterfly. We use a continued version of relationa compo-
sition to compose indexed sequences of relations: ;' R(i) = R(0) ; R(1) ... R(n). Then

1i=0

Mpi1 R = , ilvn_i(twoi R) (5)

1=0

If we now use equation 1 to replace each term in the repeated composition, we find that

SN, Ry = S"T; g (S_("_i) ;two™ Ry ; 8™

i=0
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This expresses the rel ationship between the butterfly network and the so-called ‘ shuffle network’, which consists of a
series of identical slices, each of whichisa perfect shuffle composed with two™ R [16].

Now we can use the fact that that the perfect shuffle can be expressed as a butterfly to prove by induction that
8" = id,, thatis, that if you do enough perfect shuffles on alist of length 2™, then you get back to where you started.

" The base case is §7 = id} = id,. For the step:
Sgizz = Sgizl ; Snta
= SZZI% s g1 So

{ above caculation}

(Spyo ; two™ So)" Tt
{ equation 2}

(ilv Spgr )1

ilvSit!
{ inductive hypothesis}

iV idp
= idn+2

And this, combined with the previous ca culation alows us to conclude that in the specid case where R relates 2-
sequences

[><In+1 R = (Sn_|_1 ; two” Rl)n+1 (6)
If wereplace S,, 1 by S}, and then use equation 1, we find that
[><In+1 Rl = (I|Vn Rl ; Sn+1)n+1 (7)

If the component of the butterfly isatwo-input, two-output comparator, then we got the circuit known as Batcher’s
bitonic merger [1]. It sorts an input consisting of aincreasing followed by a decreasing sequence, and is the merger
component of Batcher’s bitonic sorter [15]. If the component is a two-point Fourier transform, then we get the Fast
Fourier Transform [7, 10]. So the pattern of recursion captured in the butterfly is acommon one.

5 A butterfly of switches

One of the most studied interconnection networksis the butterfly of switches. Define
Q, = X,sw

Therelation(2,, characterises exactly thosepermutationsredised by abutterfly network of two-input two-output switches.
Thereisno need for a separate description of that set. We describe network structure (using recursion and the combina-
torstwo and ilv) and behaviour (the allowed permutations) at the same time. To build both networks and permutations
with the same combinatorsis an important ssmplification, and one that is made surprisingly rarely in the literature on
interconnection networks. We would argue that there is no neater way than thisto describe such networks.

Drawing the butterfly network using the notation for switchesintroduced earlier makesit easier to seetherecursive
structure of the network. You could think of taking the diagram in figure 3, say, and pulling hard on the wires at each
end so that the R components are stretched vertically. These straight line diagrams are both easier to draw, and, | think,
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Figure 5: Q4

easier toread. Not many of the papersin theliterature use thisnotation. One that doesis Bilardi’sexcellent discussion
of merging and sorting networks [4].
We know from equation 6 that

Qi1 = (Spg1;two” sw)"'l'1

and thisnetwork isusually called the Omega network. The component S,, 41 ; two™ sw isknown as a shuffle-exchange
stage.
Therelation © isnot in general its own converse:

Q, # Qf

This can easily be checked by enumerating al 16 permutationsrealised by Q2 = ilv sw ; two sw. Setting the lower
switch in theilv part, and the upper switch in the two part to ex, while leaving the other switches as id;, gives the
permutation that relates [0, 1,2, 3]to [2, 1, 3, 0]. (Seguences are numbered from bottom to top in the diagrams.) There
isno way to set the switches to realise the converse of this permutation.

We can, however, find apermutation, p, for which p,, ;Q2,, = Q-1 p,,. Weknow from the recursive decompositions
of the butterfly that

Qny1 = ilv, ; two™ sw
S0 it istempting to choose py = idp and p,,+1 = U ;ilv p, wherethe U isan unknown that we will fill in later. Then

Prt1 s Qner = Usilvpy 5ilvQ, ; two™ sw
{ inductive hypothesis}

R -1 . . n
U;silvQ " silv py 5 two” sw
= {ilvp, ;twosw = two" sw ;ilv p, }
L —1. n L
UsilvQ " 5 two” swsilv p,

Now we can see that we would like U ; ilv 1 ; two™ sw to be equal to two Q1 ; ilv" sw ; U. Luckily, the perfect
shuffle satisfies this equation and we get

Pri S = Q'
where
po = idg
Pnt1 = Spyi;ilvpn

This p permutation is the ubiquitousbit-reversal permutation. If you view the indices into the sequence as binary
numbers, and view those numbers in turn as sequences of bits, then p moves an element at address 7 (a sequence of
bits) to address rewv (), the reverse of that sequence of bits. We have not needed to think in these terms. Perhaps a



more useful way to think about it is as a permutation that swapstwosand ilvs. If py ; Ry = Ry ; pr. then we can show
by induction that
Pitj+k ;ilvi two! B, = two' v/ B s pigitr
Then, since the perfect shuffleisabutterfly of S componentsand p- ; 82 = Ss ; p2, Wecan use p to ‘reverse’ aperfect
shuffle
pniSn = 87 ipn
The permutation p isits own converse. We show by induction that p?> = id,,. The base caseis p? = id: = id,.
For the step:
Pt = Pat1;Sngr;ilvpn
{pn;Sn 28771 P Pn}
Sip1 i Pt iV pn
= { definition of p}
Sr:il 5 Sn1 iV py silv py,
= ilvp,;ilvp,
ilv p2
= { inductive hypothesis}

ilv ed,
= idn+1

This means that the network p,, ; ,, isitsown converse, sinceitisthesameasQ; ! ; p,, whichisQ; 1 ; p L.

Because (2,, isnotitsown converse, it cannot redise all permutationson sequences of length2”. Infact, Q,, smply
has too few switches. It has n columns, each with 27~1 switches, So at most 272"~ permutations are possible. In
fact each new switch setting gives a different permutation, so €2,, achieves exactly gn2" permutations, but that is
rather less than the 27! possible permutations. For example, 23 achieves 2'2 = 4096 permutations, but there are
8! = 40320 possible permutations on 8-element sequences. An example of a permutation that €2,, cannot achieveis,
rather suprisingly, the perfect shuffle S,, itself.

A network that can redlise all permutationsis called universal or rearrangeable in the large literature on thistopic,
see Oruc’s recent survey [13].

6 Building universal networks

Perhaps the best-known universal permutation network is the Benes network [3], which can be described by the
following recursion:

B = sw
Bht1 = two” sw; (Sn-l—l)_l ;two By, ; Spy1 ; two™ sw

= two" sw;ilvB, ;two" sw

Figure 6 shows a 16-input Benes network. Thisisan instance of a more genera class of networks known as the Clos
networks. Clos' paper from 1953 seems to be have been the seminal work inthisfield [6]. Both Clos and Benes were
working in the context of telephone networks and this influenced the ways in which they thought of and described
networks. That legacy seems to live on in the current literature, despite the fact that the emphasis has now shifted to
the use of networksin parallel processing.

There are two standard ways to show that the Benes network achieves all permutations. Thefirst isto usealooping
algorithm to show how a given permutation can be achieved. One proves universality by giving a routing algorithm.
Start with the top-left input. Choose a setting of the switch to which it is attached, a path through the recursive sub-
networks and setting of one of the final column of switches so that thisinput is connected to the correct output. Then
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Figure 6: B,

take the second output of that final switch and repeat the procedure, going backwards through the network, to connect
that output to the correct input, and so on. Thisis sometimes known as Waksman's construction [18].

The second method isto appeal to resultsfrom group theory [2]. Thetheorem that provesthat the*“all permutations”
relation can be recursively defined as

P = sw
Prt1 = two” sw; (Sn-l—l)_l ;two Py 5 Spyr ; two™ sw
= two" sw;ilvP, ;two" sw
isnow called the Slepian-Duguid theorem [12]. It is named after Slepian, who never published anything, and Duguid,
whose work is only recorded in a technical report, but who was carefully acknowledged by Benes[3]. It follows that
the Benes network achieves dl permutations. This non-constructivemethod is much more appealing, though of course
it does not result in arouting algorithm.

Looking at the diagram of the Benes network in figure 6, one can see the converse of a butterfly on theleft, and a
butterfly on the right, with one column of overlap. Indeed the network 2 ; €2,, has the same behaviour as the Benes
network, and so realises all permutations. We show by inductionthat Q! ; Q,, = B, forn > 0. Thebase caseis
Q7 Q) = sw? = sw = By. For the step:

Q41 Qg1 = { definition of butterfly }
two” sw ;ilv Q! 5 ilve, ; two™ sw
={ilvR;ivS =ilv(R;95)}
two” sw ; ilv(, 5 Q) ; two™ sw
= { inductive hypothesis}
two” sw ;ilv By, ; two™ sw
= { definition of Benes network }
Bn+1
The network 21 ; ©2,, has one more column of switches than the Benes network 5,,, but those switches are redundant
and so can be removed.

Q;_Il_l Q1 = two iV sw iV sw ; two Q,
= two !l (sw ; sw) ; two Q,

— =1 .5,n .
= two Q" ;ilv” sw;two 2,



7 ThePuzzle

We have seen that the network ;1 ; Q,, can redise al permutations. A question that has fascinated researchers
in interconnection networksis “how many shuffle-exchange stages must be connected in series to achieve al permu-
tations?’. Parker showed in 1980 that 3 log, N stages are sufficient, for N inputs[14]. That bound has been gradudly
reduced; to 3 log, N — 1 by Wu and Feng [19], to 3 log, N — 3 by Huang and Tripathi [9], and to 3 log, N — 4 by
Varma and Raghavendra [17]. In his survey [13], Oruc cites a paper by Cam and Fortes that reduces the bound to
2log, N — 1 [5], but | have so far been unable to get hold of that paper.

One of thereasonswhy | have been studyinginterconnection networksisthat | would liketo answer adifferent but
related question: “does the series connection of two butterflies of switches, or, equivalently, of two omega networks,
redise al permutations?’. Feng and Seo state in their 1994 paper that the routing problem for the Omega + Omega
network has been an open question for decades [8]. Their paper presents avery complicated algorithm for routing the
Omega + Omega network, which is first transformed into a symmetric network. The complexity of the algorithmis
such that | have been unable to verify its correctness. In an earlier paper, Lee presents a method for proving the rear-
rangeability of networks[12]. She claims, plausibly, that the method applies to non-symmetric networks, like Omega
+ Omega, but, unfortunately, she applies the method only to the symmetric Omega + converse(Omega) network. So,
again, | have not found the answer to my question in her paper. | would like instead to prove that

Q2 =7,

relying only onthealgebraic propertiesof two, ilv, S and p, and onthefact that Q2 ;2 achievesal permutations. | have
spent sometimetryingto do thisproof, butit never quiteworks! Itisannoyingly easy to show that 2 ;S ;€2 achievesall
permutations. (Thisisleft asan exercise for thereader.) But so far, | have not managed to get rid of that extra shuffle.
Note that proving that 22 achieves all permutations would reduce the bound mentioned above to 2 log, N.

| have written about this puzzle here in the hope that someone will see the Eureka step that | have missed. As an
encouragement, let me point out that there are some networksthat when composed in seriesyield all permutations. For
example,

P = Q0"
= Quipnspnt it
= Quipn Qs pn
= (Qn;pn)’

My longer-termaimisto demonstrate that thiscombinator-based style of describing and analysing permutationsand
networksreally works better than more standard methods. | fed that the field could benefit from some new ideas about
programming and notation that have been developed by functiona programmers and others working on the deriva-
tion of programs from specifications. For example, | would like to consider ways of deriving and presenting routing
algorithms.

One of my referees asked “what hasthis got to do with functional programming?’. My answer isthat the devel op-
ment of libraries of combinatorsis akey activity in functional programming circles, and thisisjust another library. |
am asointerested in techniquesfor deriving functional programsto run on networks of processors, and thiswork isin-
tended to providethe necessary basis. Infact, | have coded much of thisin Haskell and viewed (smallish) permutation
networksin action, but that is another story.
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